The dual q-Hahn polynomials in the non uniform lattice x(s) = s] q s + 1] q are obtained. The main data for these polynomials are calculated ( the square of the norm the coe cients of the three term recurrence relation, etc), as well as its representation as a q-hypergeometric series. The connection with the Clebsch-Gordan Coe cients of the Quantum Algebras SU q (2) and SU q (1; 1) is also given. In recent years, the development of the quantum inverse problem method 3] and the study of solutions of the Yang-Baxter equations 4] gave rise to the notion of quantum groups and algebras, which are, from the mathematical point of view, Hopf algebras 5]. They are of great importance for applications in quantum integrable systems, in quantum eld theory, and statistical physics (see 6] and references contained therein). They are attracting much attention in quantum physics, especially after the introduction of the q-deformed oscillator 7]-8]. Also they have been used for the description of the rotational and vibrational spectra of deformed nuclei 9]-11] and diatomic molecules 12]-14], etc. However to apply them it is necessary to have a well developed theory of their representations. In quantum physics, for instance, the knowledge of the Clebsch-Gordan coe cients (3j symbols ), Racah coe cients ( 6j symbols ) and 9j symbols 15] is crucial for applications because all 1 today 2 e-mail address: renato@dulcinea.uc3m.es, Fax (+341) 6249430.
x1 Introduction
It is well known that the Lie Groups Representation Theory plays a very important role in the Quantum Theory and in the Special Function Theory. The group theory is an effective tool for the investigation of the properties of di erent special functions, moreover, it gives the possibility to unify various special functions systematically. In a very simple and clear way, on the basis of group representation theory concepts, the Special Function Theory was developed in the classical book of N.Ya. Vilenkin 1] and in the monography of N.Ya.Vilenkin and A.U. Klimyk 2] , which have an encyclopedic character.
In recent years, the development of the quantum inverse problem method 3] and the study of solutions of the Yang-Baxter equations 4] gave rise to the notion of quantum groups and algebras, which are, from the mathematical point of view, Hopf algebras 5]. They are of great importance for applications in quantum integrable systems, in quantum eld theory, and statistical physics (see 6] and references contained therein). They are attracting much attention in quantum physics, especially after the introduction of the q-deformed oscillator 7]-8]. Also they have been used for the description of the rotational and vibrational spectra of deformed nuclei 9]-11] and diatomic molecules 12]-14], etc. However to apply them it is necessary to have a well developed theory of their representations. In quantum physics, for instance, the knowledge of the Clebsch-Gordan coe cients (3j symbols ), Racah coe cients ( 6j symbols ) and 9j symbols 15] is crucial for applications because all the matrix elements of the physical quantities are proportional to them.
The present work represents the de nite part of the investigations about the connection between di erent constructions of the Wigner-Racah algebras for the q-groups and q-algebras SU q (2) (2) and SU q (1; 1) and the q-analog of the Hahn polynomials on the exponential lattice x(s) = q 2s were considered in detail. In a similar way the Racah coe cients (6j symbols) for such q-algebras have been connected with the Racah polynomials in the lattice x(s) = To continue this line it seems reasonable to investigate the interrelation between the CGC's for the quantum algebras SU q (2) and SU q (1; 1) with q-analogs of the dual Hahn polynomials on the non-uniform lattice x(s) = s] q s+1] q . In order to solve this problem in sections 2 and 3 we discuss the properties of these q-polynomials, their explicit formula and the representation in terms of the generalized q-hypergeometric functions 3 F 2 24] is obtained.
In section 4, from the detailed analysis of the nite di erence equations (2) for these qpolynomials, we deduce the relation between them and the CGC's for SU q (2), which help us to draw an analogy between the basic properties of the Clebsch-Gordan coe cients and these orthogonal q-polynomials. Since these coe cients are studied from view point of the theory of orthogonal polynomials, a group-theoretical interpretation arises for the basic properties of dual Hahn q-polynomials. In section 5 we nd the relation between ClebschGordan coe cients for the quantum algebra SU q (1; 1) and the dual Hahn q-polynomials by two di erent ways, the rst one -as in the previous case, i.e., comparing the nite di erence equation for the dual Hahn q-polynomials and the corresponding recurrence relation for the CGC's, and the second one; using the well-known relation between the CGC's for the q-algebra SU q (1; 1) and the CGC's for SU q (2) .
Using the connection between the CGC's and these q-polynomials (see below the formulas (19) and (24) ) we nd explicit formulas for the CGC's, as well as their representation in terms of the generalized q-hypergeometric functions 3 F 2 or the basis hypergeometric series 3 ' 2 27 ].
In the conclusion of this Section it should be noted that some new approach to the investigation of the connection between the representation theory of algebras and the theory of orthogonal polynomials was suggested recently 28]-32]. It allows to solve also a new class of problems (so called quasi-exactly solvable problems). This approach was extended on the q-di erence equation in 33]. In 34] it was shown that the similar approach can be formulated also to study the classical orthogonal polynomials in the exponential lattice x(s) = q 2S 24]. As for the quadratic lattice x(s) = s(s + 1) and the q-quadratic lattice x(s) = s] q s + 1] q , the extension of this approach on such type of problems is not found yet. Therefore we apply here the standard method of 24] to the analysis of the dual Hahn q-polynomials in the q-quadratic lattice. 
It is known ( 24] and 25]) that for some special kind of lattices, solutions of (2) are orthogonal polynomials of a discrete variable, in other words, they satisfy the orthogonality relation
where (s) is some non-negative function (weight function), i.e., x(s)P n (s) = n P n+1 (s) + n P n (s) + n P n?1 (s); P ?1 (s) = 0; P 0 (s) = 1: (4)
The polynomial solutions of equation (2), denoted by Y n (x(s)) P n (s), are uniquely determined, up to a normalizing factor B n , by the di erence analog of the Rodrigues We are interested to construct the polynomials in such a way that, in the limit q ! 1, they and all their principal attributes ( (s), (s), n , (s), d
2 n , TTRR coe cients n ; n ; n , etc. transform into the classical ones. These polynomials we will call the q-analog of the classical dual Hahn polynomials in the non-uniform lattice x(s) = s] q s + 1] q and they will be denoted by W (c) n (s; a; b) q (see also 25]). In order to obtain these q-polynomials let us de ne the (x(s)) function such that in the limit q ! 1 it coincides with the (s) for the classical polynomials, i.e., The results of these calculations are provided in Table 2 .1 (see also the Appendix). Everywhere, 8x 2 IN, by x] q ! we denote the q-factorial which satis es the relation x + 1] q ! = x + 1] q x] q !, and coincides with the? q (x) function introduced by Nikiforov et al. ( 24] page 67 Eq.(3.2.23)-(3.2.25)). In general 8x 2 IR the q-factorial is de ned in terms of the standard ? q (x) (see 24] It is clear that all characteristics of these q-polynomials coincide with the corresponding atributtes for the classical dual Hahn polynomials (see 24] page 109 table 3.7.) in the limit q ! 1. (Table 2 .1), the equation (8) can be rewritten in the form (11) In order to nd the representation of these polynomials in terms of q-Hypergeometric whereB n?1 = ? n B n ;~ (s) = 1 (s ? 1 2 );~ n?1 (s) = n (s ? 1 2 ): In general, the polynomials ) q : (14) The formula (14) will be called the rst di erentiation formula for the polynomials W ; c 0 = c ? 1 2 ; s 0 = s ? 1 2 , we nd n+1 (s ? 1 2 ; a 0 ; b 0 ; c 0 ) = q ?2n+a+c?b+ 1 4 n (s; a; b; c): (15) Then, from the Rodrigues Formula (5) P n+1 (s ? and using Eq. (15) x4 Clebsch-Gordan coe cients for the q-algebra SU q (2) and the dual Hahn q-polynomials. 
where a symbol < J 1 M 1 J 2 M 2 jJM > q denotes the Clebsch-Gordan coe cients (CGC) for the quantum algebra SU q (2 
Comparing the di erence equation (2) 
Here ( In the same way, we can show using (19) 
The phase factor (?1) J 1 +J 2 ?J in (19) n (s; a; b) polynomials at the ends of the interval of orthogonality (see (10) and (11)) with the corresponding values of the CGC's at J = M and J = J 1 + J 2 + 1. Using the relation (19) and the nite di erence derivative formulas (14) and (16) 
The formula (22)- (23) and taking into account that at such a choice of the angular momenta and their projections we obtain that only the values M 00 = M; J 00 = J; J + 1 are possible. From this fact the relation (22) follows.
To obtain the equation (23) From relation (19) we also see that the dual Hahn q-polynomial with n = 0 corresponds to the CGC with the maximal value of the projection of the angular momentum J 2 , i.e., M 2 = J 2 . For this reason it will be called the backward (we start from n = 0 and obtain CGC at M 2 = J 2 , for n = 1 CGC at M 2 = J 2 ? 1, and so on ). There exists another possibility corresponding to the inverse case, i.e., when the polynomial with n = 0 is proportional to the CGC with the minimal value of M 2 = ?J 2 , this relation will be called the forward way (we start from n = 0 and obtain CGC at M 2 = ?J 2 , when n = 1 we nd CGC at M 2 = ?J 2 + 1, and so on ). In fact, comparing the di erence equation for the q-analog of the dual Hahn polynomials W (c) n (s; a; b) (2) with the recurrence relation for CGC's, we conclude that CGC's < J 1 M 1 J 2 M 2 jJM > q can be also expressed in terms of the q-dual Di erentiation formulas (14) and (16) Recurrence relation (22) and (23) 
Observe that in the limit q ! 1 this relation take the form of the classical relation between the classical Hahn and dual Hahn polynomials 24] (page 76, Eq.(3.5.14)). x5 The explicit formula for the CGC's. Its representation in terms of a basic hypergeometric function.
The explicit formula for the Clebsch-Gordan coe cients of the SU q (2) quantum algebra. In order to obtain the explicit formula for the CGC < J 1 M 1 J 2 M 2 jJM > q we will use the explicit expression for the dual Hahn q-polynomials (9) and the Eq.(19), connecting them with CGC's. Providing some straightforward calculations we obtain the following general analytical formula to calculate the CGC's for the algebra SU q (2) (27) Representation in terms of the basic hypergeometric function. In order to nd the representation of the CGC's in terms of q-Hypergeometric Functions we can use the representation of the dual Hahn q-polynomials (12 n (x(s); a; b) q .
x6 Clebsch-Gordan coe cients for the q-algebra SU q (1; 1) and the dual Hahn q-polynomials.
In the previous sections we have studied the connection between dual Hahn q-polynomials and the CGC's of the SU q (2) quantum algebra. Let us now to study the connection between the dual Hahn polynomials and the Clebsch-Gordan coe cients of the quantum algebra (29) where the symbols < j 1 m 1 j 2 m 2 jjm > q denote the Clebsch-Gordan coe cients (CGC) for the quantum algebra SU q (1; 1 
Comparing the recurrence relation for the q-analog of the dual Hahn polynomials W (c) n (s; a; b) (4) with (30) the right hand sides of the equations (19) and (31) become to be identical (see also 19] ). This imply that for the CGC's for these two quantum algebras the following relation holds < J 1 M 1 J 2 M 2 jJM > suq(2) =< j 1 m 1 j 2 m 2 jjm > suq(1;1) : (32) Now we can obtain a general formula to calculate the CGC's for the SU q (1; 1) algebra.
Using the explicit expression for the q-analog of the dual Hahn polynomials (9) n (x(s); a; b) q , respectively.
To conclude this Section we want to remark that the same procedure can be applied to the negative discrete series of IR. Moreover, from the nite di erence equation and the di erentiation formulas (2), (14) and (16) n (s; a; b) q = 0:
Since x(?s ? 1) = x(s) and 4x(s ? 1 2 ) = ? 4 x(t ? 1 2 )j t=?s?1 the coe cient (s) in (35) is completely determined by the formula ( 24] , Equation (3.5.3), page 75)) (s) = (?s ? 1) ? (s) 4x(s ? n n] q !B 2 n S n ; (39) where B n = (?1) n n] q ! and S n is a sum b?n?1 X s i =a n (s i ) 4 x n (s i ? 1 2 ):
To calculate it we will use the identity (N = b ? a ? 1 :
To obtain S n we will follow 24] (page 105-106). Using the formulas, given at these pages, we nd that S n S n+1 = 1 (x n?1 ) , where x n?1 is the solution of the equation n?1 (x n?1 ) = 0.
Some straightforward but tedious algebra gives the following expression Now, collecting the expressions (39) , (40) and (41), we obtain that the squared normalization factor for the dual Hahn q-polynomials is equal to To obtain the leading coe cient a n of the polynomial and the coe cients n ; n and n of the three term recurrence relation (4) we use 24] (Equation (3.7.2), page 100) and formulas n = a n a n+1 ; n = a n?1 a n d 
